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We consider the extension of static dimensional reduction 
to real-time. For a scalar held theory it is shown that in the 
high-temperature limit this leads to an effective classical the- 
ory. Quantum corrections to the leading classical behavior 
are determined by an effective action which can be calcu- 
lated perturbatively in the background of the classical fields. 
Feynman rules for A^ 4 -theory are given and the extension to 
SXJ(N) gauge theories is outlined. 



I. INTRODUCTION 

Currently there is considerable interest in the behavior 
of low-momentum fields in a high-temperature plasma 
environment. For a bosonic field 4> the objects of study 
are the time-dependent correlation functions for the soft 
modes 



{(f>{h,Pi)-4{tn,Pn)) \Pi\~9 2 T 



(1) 



and one would like to derive an effective theory that gov- 
erns the real-time dynamics of these correlation functions 
for the long-wave-length modes. In this paper we discuss 
the derivation of such an effective theory for scalar field 
theories and outline the extension to gauge theories. 

The standard approach to deriving an effective theory 
for the soft modes is the introduction of an intermediate 
energy-scale A << T that explicitly separates the hard 
modes with [p| > A from the soft modes with |p| < A. 
The hard modes are integrated out as irrelevant degrees 
of freedom and the effective theory of the soft modes is 
approximated by a classical theory However there 

are two problems: firstly, the results may depend on the 
scale A [0j2[, and, secondly, such a cut-off breaks gauge 
invariance |nj . 

We will present here a different approach, without in- 
termediate cutoff, in which the classical effective theory 
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is constructed as a "natural" extension of static dimen- 
sional reduction to real-time. The essence is that the zero 
modes of static dimensional reduction are given the role 
of initial conditions for classical background helds satis- 
fying effective equations of motion in the environment of 
the quantum fluctuations which are taken into account 
perturbatively. This method we will call real-time di- 
mensional reduction. 



II. REAL-TIME DIMENSIONAL REDUCTION 

Our starting point is the standard formulation of real- 
time thermal field theory in which the temporal depen- 
dence of the fields has support on the contour depicted 
in fig. 1. 
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FIG. 1. The time-contour C of thermal field theory. 

Equilibrium correlation functions may be obtained 
from the generating functional 



Z[j] = J D0D-7T exp iS[4>, tt] + ij 



(2) 



with (f>(x) periodic over the entire contour C . The dot- 
notation in the source term is an abbreviation for the 
inner product j ■ <fr = J c dtd 3 xj(x)4>(x). Since we are 
interested in real-time correlation functions, we only al- 
low for sources on the real-time part of the contour 
C\2 = C\ U C2. We shall keep the integration over the 
momenta tt(x) explicit, since we want to end up with an 
effective classical theory with classical initial conditions 
on fields and conjugate momenta. 

We now separate off the integration over the zero 
modes $ = $(x) and II = H(x) according to 
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Z[j] = J D$Dn J D(j)T)iT5 (P(f> -<f>)5 (Vtt - II) 

exp iS[<p, 7r] + ij ■ <ft (3) 

where the operator V projects out the static zero mode 
on the Euclidean part of the contour C 



V<t> = iT I dt(f>(t, x) 
'C 3 



(4) 



On the real-time part C%2 of the time-contour the path 
integration is unrestricted. This yields the important 
corollary that local symmetries on C12 are respected in 
the path integral (|J) which is especially useful for gauge 
theories. 



III. STATIC DIMENSIONAL REDUCTION 

To gain some understanding of the formal manipu- 
lation performed in (|3|), let us consider for a moment 
a purely Euclidean theory with a time-contour running 
straight down from t- m to t- m — ij3, that is, the contour C 
with ti-a = tf . In this case the field is periodic on C3 and 
may be expanded in Matsubara modes 



ir,x) = (/>„(£) e' 1 



(5) 



with Matsubara frequency u>„ — 2irnT. The operator V 
then just projects out the zero Matsubara mode 

V(j> = T / dT(f>{U a - ir, x) = cf> (x) = ®(x) (6) 
Jo 

and similarly the zero momentum mode Vn = II. The 
path integral over the field <fi in (||) simply factorizes into 
an integration over the zero modes and one over the non- 
zero Matsubara modes 



D<M {V<f> - *) -► J D0„ #o (7) 
and we end up with the effective static theory 



D$Dn exp iS[®, n] + iW DR [$\ 



where the effective action Wdr is defined by 



(8) 



(9) 



with S[$; <fin^o] the action of the non-zero Matsubara 
modes in a static background field For scalar fields the 
effective action does not depend on the static momenta, 
since momenta appear only linearly and quadratically in 
the action. We recognize (g) and (^) as the standard 
formulation of static dimensional reduction |^-^| . 

The effective action Wijflf'I'] gives the corrections of 
the non-zero Matsubara modes to the classical action. 



Since the non-zero Matsubara modes have masses of the 
order of the temperature, no IR problems occur when 
the non-zero Matsubara modes are integrated out. This 
implies that the effective action has the property that it 
is in principle perturbatively calculable. 



IV. EFFECTIVE ACTION 

Returning now to the real-time case we introduce two 
classical fields (p c \,^c\ a s background fields on the entire 
contour 



4>(t, x) -> <fi(t, x) + 4> c \{t, x) 

7r(£, X) — > 7r(t, x) + 7T c l(t, x) 



(10) 



On the Euclidean branch of the contour the classical 
fields are chosen to be constant in time and equal to the 
zero modes 



c i(t, x) = $(x) , 7r c i(i,f) = n(x) on C 3 



(11) 



On the real-time part of the contour the classical fields 
will satisfy effective equations of motion (to be specified 
later on) with initial conditions $,II. 

Performing the shift in (J3J) , we can cast the generating 
functional in the form of a path integral over the initial 
state 



J £)$Dnexpi5 c i + iW[<t> ch tv c i; J] + 13 ■ </»ci (12) 



with classical action S c \ — S[<j) c i, tt c \]. The quantum cor- 
rections arc contained in the effective action 



exp iW[<t> ch tt c1 ; J] = J D0D7T(5 (7>4>) 6 (Vtt) 

expiS[(j> c i,'iv c i;<f>,n]+iJ-<f> (13) 

where we used that the classical fields on C3 are equal to 
the zero modes to simplify the delta functions 



S(V(4> + <f>ei)-$) = 8(V<t>) 



(14) 



The action S[tf>ci, tt c i; <f), it] describes the quantum fields 
in a background of the classical fields. By definition it 
contains only the terms of quadratic- and-higher order in 
the quantum fields <f>, tt. By demanding ir c \ = dt4> c \ on 
C12 the term linear in 7r has been made to vanish, and 
the linear term in 4> has been absorbed in the source 
J = j + $<f>S\<j>=$ cV 



V. PROPAGATOR 

We consider the example of a A0 4 -model and split the 
action of the quantum fluctuations in (|l3|) into a free and 
interaction part: 



"S^cbTTci; 4>, tt] = Sq[4>, 7t] + Sl[4>d\ 



(15) 
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with the interactions given by 



Si\ 




(16) 

The dashed lines denote the classical background fields 
and the solid lines the quantum fields. 

Assuming that the effective action can be calculated 
perturbatively, to be checked afterwards, we have 



exp iW [4> c \; J] — expiS][ 



-iSj]expiW [J] (17) 



with IFo[</] the effective action of the free theory. As it 
turns out for a scalar ^-theory the effective action does 
not depend on the classical momentum. The free effec- 
tive theory can be calculated by a Gaussian integration 
over the fields, but with a constraint on the integration 
enforced by the 5-functions in (|l3|). The result is || 



expzW [J] = exp — i J • A c ■ J 



(18) 



where the propagator of the quantum fluctuation 

A c (t - t'; k) = D c (t - t'; k) - S c (t - t'; k) (19) 

is equal to the thermal propagator Dc with a subtrac- 
tion Sc due to the integration constraints. The thermal 
propagator on the contour has the standard form [jlOfl 



D c {t-t'-k) 



1 

2u> k 



e c (t-t / )e _iw,,( *~*' ) 

■Q c (t' - ty^-t") 



i{uj k ) {e~ iUh (*-**) +e^ fc C*-0 



(20) 



with energy w? = k 2 



i 2 and Bose-Einstein distribu- 



tion n(ui) = (e^ w — 1) 1 , whereas the subtraction on the 
various parts of the contour is given by the expressions 



S c {t-t',k) 



£r COS uj k (t -t') t,t'eC u 

£r cosu k (t m -t') t G C* 3 , t' G Cl 



• COSWfc(i - Un) 



teC 12 ,t€C 3 

t,t' G C 3 



(21) 

On C12 we recognize Sc as the classical propagator and 
on C3 as the zero-mode propagator. The two contribu- 
tions connecting the vertical branch C3 of the contour 
with the real-time branch C\i depend on the initial time 
ti n . In thermal field theory it is shown that in the limit 
ti n —> —oo, the two horizontal real-time contours C12 



decouple from the Euclidean branch C3, provided that 
one introduces an infinitesimal damping coefficient [fuj . 
However, we have to keep t in finite. Then obviously the 
contributions of C3 and C12 do not separate and the sys- 
tem retains a memory of the initial state. How this works 
out in the equations of motion is discussed in Appendix 
A. 

Let us consider the IR limit uj k /T — > of the propaga- 
tor of the quantum fields ([l9|). The dominant contribu- 
tion to the thermal propagator comes from the thermal 
part of (pp|), since n(ujk) — » T/uj k . Therefore, in the 
high-temperature limit the thermal propagator reduces 
to 

Dc(h-t 2 ;k) S c {h-t 2 ;k) (u k -» Q) (22) 

when we ignore terms l/cjfc compared to Tjio\. 

In particular on C3 the propagator of the quantum 
fluctuations is just the propagator of static dimensional 
reduction, namely the propagator of the non-static Mat- 
subara modes 



A c (-it, k) 



(23) 



Consequently, the effective action will contain as a subset 
also all diagrams of the Euclidean dimensionally reduced 
action. 

From ( p2] ) and (|23|) we see that the propagator of the 
quantum fluctuations is better IR-behaved than the ther- 
mal propagator. Hence the important conclusion is that 
a perturbative evaluation of the effective action is pos- 
sible without encountering the severe IR divergences of 
the full thermal theory. In other words: the proposed 
splitting of the classical and quantum degrees of freedom 
isolates the IR sensitive part of the theory in the classical 
part of the theory. 



VI. EQUATIONS OF MOTION 

Let us return to the generating functional (|l2|). The 
classical and effective action in the integrand depend on 
the classical fields <j) c \, ir c \ which were defined both on C\ 2 
and C3. The contributions of these two separate contour 
segments have a completely different interpretation. This 
difference can be made more explicit by choosing the clas- 
sical background field cj) c i equal on the upper and lower 
real-time branch 

Mh,x) = <t> c x{t 2 ,x) h = t G C\, t 2 = t G C 2 (24) 

Recalling also (|ll]), we see that the two contributions 
of the classical action on the upper and lower time- 
branch cancel, and that we are left with iS[<f> c \, ir c \\ = 
—f3H[&, n], which is the classical thermal weight in terms 
of the Hamiltonian. In a similar fashion, the effective ac- 
tion may be split into two parts 
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Wifa; J] = W IF \<j> cX ; J] + W DR ffl 



(25) 



with an influence action Wi p that vanishes at zero source 
and Wdr the effective action of static dimensional reduc- 
tion (||), which depends solely on the initial field 
The generating functional may then be written 

Z\j] = J D$Dnexp(-/3 J ff[$,n] +iW DR [<S>]) 

exp (iWi F [<j> c i\ J] + ij ■ 4>cl) (26) 

where we have separated the exponent into the effective 
thermal weight factor and a second factor which is the 
effective source term for the real-time correlation func- 
tions. 

The expression above is still quite general as no ap- 
proximation has been made. All complications of the in- 
teraction between hard and soft modes are contained in 
the influence functional. However, this functional may 
be calculated perturbatively and we are only looking 
for an effective theory that contains the leading high- 
temperature behavior. Moreover, we still have not made 
a unique choice for the classical field <f> c \ on C\2- An ob- 
vious choice is to equate the mean classical field with the 
full mean field including quantum fluctuations 



5 3 W IF [^J]\ ?=0 = 



(27) 



This may be translated into the equation of motion 

W]l^=0 (28) 

with T[cj)] the Legendre transform of Wxf[4> c \; J] with 
4> c \ = on C12 pl| . If we now confine ourselves to the 
leading contribution, this reduces to 



6$ Thtl[4>}\, 







(29) 



with Th tl[4>] the hard thermal loop (HTL) effective ac- 
tion in the low- momentum limit. It is noteworthy to 
mention that large contributions from soft modes on in- 
ternal lines of Feynman diagrams that arise in thermal 
theories are not present in the effective action, since the 
IR-sensitive part of the thermal propagator is subtracted 
in (|l9|). As a consequence, the leading contributions do 
come solely from the hard thermal loops. 

Since correlation functions are evaluated at zero- 
source, the leading contribution to statistical correlation 
functions is given by the classical contribution, that is, 
the influence function in (^6|) can be ignored in this cal- 
culation. However, if we calculate, for instance, the ex- 
pectation value of the commutator of fields, the classical 
contribution is zero (classical fields commute) . Then the 
leading HTL contribution has to be obtained from the 
influence action by source differentiation. 

In scalar 4 -theory, the only hard thermal loop contri- 
bution is the tadpole contribution to the thermal mass 
m th = m2 + AT 2 /24. When calculating this contribution 
we encounter a linear divergence, that may be set to zero 



if we use the dimensional regularization scheme. How- 
ever, as a general rule, UV-divergences do not disappear 
but act as counter terms for the same divergences occur- 
ring in the classical theory. This general feature is easily 
understood from the fact that the full quantum theory is 
renormalizable. Hence, all classical divergences must be 
exactly neutralized by corresponding counter terms from 
the quantum corrections. 

Because we only have to take into account the thermal 
mass, the HTL equations of motion (29) for A0 4 -theory 
simply read 

(df - V 2 + m t 2 h )0ci(i, x) + ^\cf>Ut, x) = (30) 



with initial conditions 



<J>ci(t in ,x) = ; ir cl (t in ,x) = n(x) 



(31) 



So in combination with (^6|) we have obtained a classical 
statistical theory, with the classical field satisfying the 
equation of motion ( |3C| ) and thermal averaging over the 
initial conditions. The effect of the initial conditions on 
the equation of motion is studied further in appendix A. 

As shown above, the perturbative approach to the ef- 
fective classical theory, amounts to a resummation of the 
thermal mass into the classical propagator, while leaving 
the quantum propagator unmodified. This is similar to 
the resummation scheme of fl2| , [l3| for static quantities, 
where the thermal mass is resummed in the zero-mode 
propagator. 



VII. SU(iV) GAUGE THEORY 

The method developed in this paper to study the IR- 
behavior of time-dependent fields, has an obvious appli- 
cation in non-Abclian gauge theories, which have a non- 
trivial IR structure {lT| . The reasoning can be ex- 
tended almost unchanged to derive an effective classical 
statistical theory for gauge fields |lq |. The final result 
for the generating functional (in the Coulomb gauge) is 



Z[j] = / D^DS'DCDC 



exp (-0H[A, £} + tS gh [C, C, A] + iW DR ) 



exp (iW IF [A ch E cl ; J] + ij ■ A c 



(32) 



with A,£ the static gauge fields, C,C the ghost zero 
modes, and S'gh the ghost action. We have extracted 
the effective classical theory that gives the leading-order 
contributions in the low-momentum limit. Subleading 
corrections in g or \p\/T are given by the quantum cor- 
rections contained in the effective actions Wif,Wdr- Al- 
though subleading these contributions may be important 
to provide counter terms for the classical divergences, as 
in the static case M. 
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The classical fields have to be determined from the 
HTL equation of motion, but calculated with the gauge 
propagators equivalent to ( |l9| ) 

[D^F^]{x)=^lj ^ J^Jt'U cl {xy)v v F^{x') 

(33) 

with ujp = Ng 2 T 2 /6 the plasmon frequency. The an- 
gular integration is over the direction of v, \v\ = 1. 
Furthermore, x' — (t',x — v(t — t')) and U c \{x,x') — 

Pexp^— ig dz^A^z)^ , with 7 a straight line from 

a; to a;', is the parallel transporter. The initial conditions 



was shown in [^lj22| that 
ficient to render the classical theory finite 



local counter terms are suf- 
In general 



A^(t in ,x) = A"(£) ; F° l (t in ,x) = £\x) 



(34) 



The field A c \ at times prior to t m on the r.h.s. of ( |33| ) 
should be taken constant in time and equal to the initial 
condition. This prescription takes into account the cor- 
relations between the initial conditions and the fields at 
later times, as explained in Appendix A. 

Equation ( p3| ) is the well known HTL equation of mo- 
tion, derived in a kinetic approach by Blazoit and Iancu 
p9[ , where asymptotic initial conditions are considered. 
We have initial conditions at a finite time t ln over which 
a statistical average has to be taken. This implies that 
the physics at the scale g 2 T is still present in the effective 
theory. 

The SU(V) effective theory has two obvious applica- 
tions. The study of the IR sector of the theory, for 
instance by deriving an effective theory for the non- 
pcrturbative modes, that may be studied on the lattice 
p0| . And secondly to study the effect of IR effects on 
for instance plasmon properties, this approach may go 
beyond the phencmonological introduction of a magnetic 
mass to account for non-perturbative effects in the IR 
sector of the theory. 



VIII. CONCLUSIONS 

We have shown that the generating functional of a 
weakly coupled field theory at high temperatures may 
be formulated as an effective classical statistical theory. 
The quantum corrections are calculable in perturbation 
theory and enter the thermal weight and source term, see 
(§) and H). 

For a low-momentum process containing no classical 
UV divergences the quantum corrections in the influence 
action give sub-leading contributions to the leading order 
classical result. If the process contains UV divergences 
(that is, it is sensitive to the physics at high momenta in 
the classical theory) the influence action and the dimen- 
sionally reduced static action provide the counter terms 
to render the result finite, since ( p6| ) and (|3l) are still 
equivalent to the full theory. For scalar A<^-theory it 



(gauge theories) non-local counter terms will be needed 

We have noted that the extraction of the zero modes 
(||) and the subsequent manipulations do not break local 
symmetries on C\i. Especially for gauge theories this is a 
useful property. Although, we have broken gauge symme- 
try (in section VII we have chosen the Coulomb gauge) to 
perturbatively evaluate the effective action, the remain- 
ing BRST invariance is preserved. This means that the 
action in the equations of motion ( p8| ) for gauge the- 
ories satisfies the Slavnov- Taylor identities. In the HTL 
approximation this is upgraded to gauge invariance [^3) . 

As mentioned already in the Introduction often an in- 
termediate momentum scale A is introduced that sepa- 
rates between the classical and the quantum modes. In 
\<f> A this scale is chosen such that m tn < < A < < T (0,0 . 
In our formalism such a scale can be introduced by ex- 
tracting only zero modes with momenta Jfcl < A in (j^) . 
The subtraction for the propagator in ( |19|) is then re- 
stricted to momenta Ifcl < A 



S(t - t'; k) 9(A - \k\)S(t - t'; k) 



(35) 



This way the actions Wdr,Wif and the equations 
of motion become A-dependent. These A-dependent 
terms may be interpreted as counter terms for the A- 
dependence of the classical theory; of course, the full gen- 
erating functional should be independent of the choice of 
A. 

The dependence on the cut-off A of the classical theory 
can be inferred from its UV behavior. Since A is larger 
than the typical classical energy-scale the divergences 
in the theory without cut-off get replaced by powers of 
A/m t h or logA/mth (in A0 4 -theory). So the problem of 
introducing counter terms to cancel all A-dependences, 
is the same problem of introducing counter terms for the 
divergences as A — > 00. It has been argued |2(J that in 
a leading order calculation of IR-sensitive quantities the 
non-HTL contributions that depend on A may be ne- 
glected for A in the range gT < < A < < T (in gauge the- 
ories). Since these non-HTL contributions are suppressed 
by powers of the coupling constant or the classical energy 
scale over the temperature. 

The introduction of such a cut-off scale may be con- 
venient to make a derivative expansion for the non-local 
terms in the effective action and the equations of mo- 
tion. However we would like to emphasize that for the 
derivation of the classical theory no intermediate scale 
A is necessary. As in static dimensional reduction the 
relevant parameter is the classical energy-scale over the 
temperature, not (5h but firrith in A(/> 4 -theory. 
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APPENDIX A: INITIAL CORRELATIONS 

The effective action r[</>] in ( ]28| ) depends on the zero 
mode Therefore one may expect that in the equations 
of motion the zero mode will also occur, describing the 
correlations between the initial conditions and the clas- 
sical field at later times. As an example let us consider 
the linear equations of motion 

(df + wl)<t> c \(t,k) + [ dt'T,(t-t',k)(l) c i(t',k) = (Al) 
Jc 

with the time integral over the entire contour. Since the 
classical field is equal on the forward and backward time- 
branches, the real-time part of the self-energy entering 
the equations of motion is given by the retarded self en- 
ergy 



dt'T,{t - t' ',k)(f) c i(t' \k) = / dt'E R (t-t',k)(i> c i(t',k) 
c Jt ia 



+ / dt'J;(t-t',k)$(k) (A2) 
Jc 3 

The second term on the r.h.s. gives the correlations with 
the initial field. Since t m is finite this term cannot be 
dropped. However, we may rewrite it in a more conve- 
nient form. For this we deform the contour C3 to first 
run back to some earlier time t* n then down the Euclidean 
path C3 to t* n — i(3 and finally straight back to t- m — i(3. 
Using the assumption of analyticity of the self-energy in 
the complex time plane and periodicity, we arrive at 



dt"£(t-t',k) = dt"E R (t-t',k) 



c 3 

+ [ dt"£(t-t',k) (A3) 
Jc* 

Introducing an infinitesimal damping rate, the decou- 
pling theorem of thermal fie ld t heory states that the sec- 
ond term at the r.h.s. of (A3) may be dropped in the 
limit tt -> -00 |p^|. 

Returning to the equation of motion (|Al[) , we find 
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{d 2 t + <4)fa(t, k) + / dt'Z R (t - t', k)ct> cl {t', k) = 

J —OO 

(A4) 

where it should be understood that the classical field be- 
fore ti n appearing in the memory kernel equals the ini- 
tial value: (j) c \{t,k) = $(fc) for t < t in . Physically this 
means that the system is frozen in the initial state from 
the infinite past till the initial time ti n where a distur- 
bance is applied. This result can easily be generalized to 
non-linear equations of motion with higher-point vertex 
functions. 
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